Asymmetric nuclear matter is investigated in the low density region below the nuclear saturation density. Microscopic calculations based on the Dirac Brueckner Hartree-Fock (DBHF) approach with realistic nucleon-nucleon potentials are used to adjust a low density functional. This functional is constructed on a density expansion of the relativistic mean field theory which allows a clear interpretation of the role of the mesons to the equation of state. It is shown that a correction term should be added to the functional in order to take into account the effects beyond the mean field. Two functionals with different corrections are obtained and their topological properties has been studied. Those functionals converge to predict a reduction of the spinodal zone in asymmetric nuclear matter by about 15-20% and an isoscalar unstable mode closer to the constant Z/A direction than the functional without correction.
have similar features, in particular the occurrence of large and cancellating scalar and vector fields in the isoscalar sector. That the occurrence of such fields is a fundamental consequence of the elementary nuclear force has recently been shown in [33] . Similar fields, which are, however, smaller, occur also in the isovector sector. Thus, RMF theory is well suited for the present investigations. However, RMF theory is insufficient to reproduce the more complex nonlinear behavior of the DBHF energy density near ρ B = 0.1 fm −3 , where for instance effects of the deuteron pole show up. Corrections beyond mean field are necessary and the non-linear behavior is then corrected in adding new terms in the functional.
The paper is organized as follows: the relativistic DBHF is shortly sketched in Sec. I. Furthermore, Sec. II is devoted to the relativistic mean-field approach and the series expansion in the baryonic density. This expansion allows a clear interpretation of the meson contributions to the equation of state. The parameters of the functionals are obtained in Sec. III. With these density functionals the dynamics of the liquid-gas transition induced by heavy ion collision at Fermi energies, i.e. the spinodal instabilities, are investigated and analyzed in Sec. IV. Finally, we end with a conclusion in Sec. V.
I. DBHF APPROACH
We consider homogeneous nuclear matter at low density so that two-body correlations dominate. Of course, at very low density, clustering phenomena can occur, like deuteron, tritium, helium and alpha particle formation [7, 34, 35] . Therefore, we are going to consider densities which are low with respect to saturation density, but still large compared to typical values where the onset of clustering occurs. Typically, we are considering densities between about one tenth to one half of the saturation density. In this density region, microscopic calculations based on the relativistic Dirac-Brueckner-Hartree-Fock (DBHF) approach [21, 24, 25, 26, 36] are expected to be quite accurate, and they will be, therefore, the starting point of our analysis. In the relativistic Brueckner approach the nucleon inside the medium is dressed by the self-energy Σ. The inmedium T-matrix which is obtained from the relativistic Bethe-Salpeter (BS) equation plays the role of an effective two-body interaction which contains all short-range and many-body correlations of the ladder approximation. Solving the BS-equation the Pauli principle is respected and intermediate scattering states are projected out of the Fermi sea. The summation of the T-matrix over the occupied states inside the Fermi sea yields finally the self-energy in Hartree-Fock approximation. This coupled set of equations states a self-consistency problem which has to be solved by iteration. Technical details of the present DBHF calculations, in particular the treatment of isospin asymmetry, can be found in [26] . The results are based on the Bonn A one-boson-exchange potential for the bare nucleon-nucleon interaction [30] . Fig. (1) compares the prediction for the low density regime of symmetric nuclear matter (below zero) and pure neutron matter (above zero) from microscopic many-body approaches. It shows in addition the equations-of-state obtained by two typical phenomenological relativistic mean field models. From the microscopic side these are the DBHF results [26] which will be further analyzed, non-relativistic Brueckner (BHF) calculations from [1] and variational calculations from [16] . The variational and BHF calculations are based on the AV 18 Argonne potential. The variational calculations include in addition phenomenological 3-body-forces (Urbana IX) and relativistic boost corrections which both do, however, not play an important role in the low density regime. The phenomenological models are the well established NL3 [37] relativistic mean field (RMF) parametrisation and the RMF model of [38] (DD-TW). The latter is a phenomenological version of density dependent RMF theory using density dependent meson-nucleon couplings [39] which allows for a larger freedom in the adjustment of the EOS. Both approaches fit finite nuclei properties with high accuracy. The first what becomes evident from Fig. (1) is the remarkable agreement of the microscopic approaches (DBHF, BHF, variational) concerning the pure neutron matter EOS. This indicates that both, the interaction and the manybody schemes are well controlled in the nn sector at low densities. The reason is on the one handside the large nn scattering length and on the other side the lack of clustering phenomena (d, α etc) which make the treatment of neutron matter at subnuclear densities less model dependent. In this context it is worth noticing that the microscopic calculations (BHF/DBHF, variational) are consistent with the low density limit of 'exact' Quantum-Monte-Carlo calculations for neutron matter [27] and with the result of the renormalization group V lowk approach [40] .
The situation seems to be different for symmetric nuclear matter. The Brueckner calculations show significantly more binding than the variational calculations of [16] . On the other hand, the DBHF and BHF results are very close and exhibit the same low density behavior: in contrast to RMF theory and also to [16] one can observe a non-linear convergence to zero when the density decreases. This fact is associated to the deuteron channel and can possibly be interpreted as a manifestation of the onset of the super-fluid phase. In this context it is interesting to note that a recent study of low density nuclear matter [7] , based on a virial expansion which includes protons, neutrons and α-particle degrees of freedom, revealed a low density EOS which is in qualitative agreement with the DBHF predictions. In the virial approach the binding energy goes smoothly to zero for neutron matter while the energy per particle E/A minus the (free) kinetic energy in symmetric matter remains practically constant at a value around -8 MeV down to extremely low densities (ρ B ≃ 0.0002 fm −3 ) before it rapidly drops to zero ( Fig. 15 in [7] ). Subtracting from the DBHF result the kinetic energy of a non-relativistic Fermi gas 3k
MeV which coincides remarkably well with the virial low density limit.
II. SERIES EXPANSION OF THE RMF LAGRANGIAN IN THE BARYONIC DENSITY
A Lagrangian density of interacting many-particle system consisting of nucleons, isoscalar (scalar σ, vector ω), and isovector (scalar δ, vector ρ) mesons is the starting point of the relativistic mean field (RMF) theory,
where σ is the σ-meson field, ω µ is the ω-meson field, ρ µ is ρ meson field, δ is the isovector scalar field of the δ-meson.
Dynamical equations deduced at the mean field approximation are presented in the appendix A. We refer to the appendix for all the standard definitions. Hereafter, we introduce the coupling constants f i = g ρ /m i for i=σ, δ, ω and ρ, and the non-linear constant f nl σ = a(f σ /m σ ) 3 . In the following the energy density ǫ is expanded up to the power 4 in proton and neutron densities. The expression of the density of energy is given in the appendix A. For the linear version of the RMF model, i.e. without a nonlinear σ-meson potential U (σ) such an expansion can be found in [41] . Here we extend this expansion to the non-linear case and to the isospin sector, i.e. to ρ p = ρ n (the isovector mesons ρ and δ are included). Notice however, that in the present form, only the non-linear term with the coupling constant a is included because the one with the coupling constant b contributes to higher terms in the density expansion.
The scalar field is the solution of the following self-consistent equation A low density approximate solution is presented in the appendix B. The solution is expressed as a function of the scalar density ρ s ,
The low-density expansion of the scalar density ρ si is then required. It yields
where γ is the degeneracy of the system. Note that this expansion is also a relativistic expansion in the parameter
Neutron and proton Dirac masses, also called the scalar masses, are expressed in terms of the scalar and isoscalar fields. Using Eq. (3) and Eq. (4), The low density expansion of the Dirac masses is given by (-proton, + neutron),
Now, we evaluate the full density functional,
where ǫkin is the kinetic term. The density functional is decomposed into several terms:
where the term ǫ F G is the contribution of the free Fermi gas without the rest mass, the term ǫ L is generated by the interactions and the Dirac mass and the term ǫ N L is the correction coming from the non-linear σ coupling. In the following we give explicitly the form of those terms, classified according to the power in Fermi momentum (=power in density divided by 3) in order to have integer index. The pure kinetic contributions (FG) is ǫ F G = ǫ F G,5 + ǫ F G,7 + ǫ F G,9 + ǫ F G,11 up to the power 4 in the densities where
The contribution of the mesons (with only linear couplings) and Dirac mass contribution is
where
Finally, the first order corrections induced by the non-
The convergence of this series expansion is checked in symmetric nuclear matter (SNM) and pure neutron matter (PNM) using the set of coupling constants, set A NLρδ, obtained by Liu et al. [42] . We choose this set of parameters because it has been obtained with the same degrees of freedom as the one we consider in our Lagrangian. We show in Fig. 2 the contribution of the different terms of the functional up to the power 4 in the densities. Some terms has been multiplied by a huge factor to distinguish from each others. The convergence is essentially due to the shorting in power of k F /M which comes with our expansion. This figure shows how negligeable are the terms with large power counting in the density expansion, even for the higher densities represented (about 0.3 fm −3 ). In the following the low density RMF functional defined in Eqs. (7)- (17) will be used to fit the result of the DBHF calculation [26] and to calculate the spinodal instabilities in low density asymmetric nuclear matter.
III. DETERMINATION OF THE PARAMETERS OF THE FUNCTIONAL
In this section, we fit the result of the DBHF calculation (Dirac mass, energy density and binding energies) in the density region between 0.01 and 0.2 fm −3 using the low density RMF functional defined in Eqs. (7)- (17) . The fits are based on the density expansion of the RMF Lagrangian (1) which contains non-linear terms in the scalar σ field and linear terms in the vector field ω as well as in the isovector ρ and δ fields. An alternative would be to perform such a parametrisation of the DBHF results in terms of density dependent relativistic hadron theory (DDRH) [38, 39, 43, 44, 45] where non-linearity's due to higher order density corrections are absorbed into density dependent meson-nucleon vertices at the level of the effective Lagrangian. The reason why we have chosen the standard RMF Lagrangian (1) is twofold: this allows a well defined low-density expansion while the density dependence of effective meson-nucleon vertices in DDRH depends on the choice of an particular ansatz for these functionals. Secondly, the extraction of such coupling functions from the present DBHF self-energies [26] shows that the DBHF vector selfenergy, except for the very low density regime, has a linear density dependence which can be expressed by a linear ω meson field. Non-linearities in the scalar channel are absorbed in the non-linear σ terms. The isovector dependence can also reasonably well be fitted through the two isovector ρ and δ mesons. In summary, such a procedure allows a well defined comparison of the microscopic DBHF model to RMF phenomenology and a controlled investigation of the low density regime, where the RMF fits break down and require additional correction terms, as will be seen in the following.
The adjusting procedure is twofold: firstly, we fit the parameters of the RMF Lagrangian using the relativistic Dirac mass and the energy density in symmetric and asymmetric nuclear matter obtained from the DBHF calculation. The fit includes 23 calculated points between ρ B =0.02 and 0.13 fm −3 , plus two densities, ρ B =0.1658 fm −3 and ρ B =0.197 fm −3 , for y = ρ p /ρ B =0 to 0.5 with a step=0.05. We obtain the set of parameters called RMF presented in Tab. I, by fitting the Dirac mass and the density of energy and imposing that the functional passes exactly through the point at ρ B = 0.197 fm −3 in symmetric nuclear matter and pure neutron matter. The latter condition is imposed in order to get a value of the symmetry energy close to DBHF, as shown in Tab. II. Then, we extract and fit the residual difference between the DBHF calculation and the energy per particle in symmetric nuclear matter and pure neutron matter separately. In order to check the sensitivity of the results on the functional correction, we have investigated two different functionals. In the following, we give the details of the adjusting procedure. The parameters of the functional reproducing the scalar mass and the energy density of the DBHF calculation is compared to the parameters proposed in Ref [42] .
A. Determination of the σ and δ coupling constants
The low density expansion of the Dirac mass, Eq. (5), is used to determine the linear sigma coupling constant f σ , the scalar iso-vector δ-meson f δ and the non-linear sigma coupling constant f nl σ . We deduce the value of the parameters for the adjustment to DBHF results in asymmetric nuclear matter with y = ρ p /ρ B =0.5, 0.3 and 0.0. In Fig. 3 we compare the DBHF results with the best fit. The linear contribution comes from the term f [42] . The parameters f σ and f δ are very similar for the two set of parameters while the parameters f nl σ differ by a factor 3. In our fit, f nl σ is obtained from the quadratic density dependence of the scalar mass while in the set A NLρδ, the non-linear σ coupling is adjusted to reduce the compressibility modulus. As a consequence, we obtain a lower value for the parameter f nl σ , and the compressibility modulus is larger than expected. Moreover, to obtain a good fit of the binding energy, the non-linear term ǫ N L,9 defined in Eq. (16) has to be divided by a factor 2. This may indicate that higher order non-linearities in the σ field and probably also non-linear ω terms should be taken into account to obtain a proper description of the DBHF equation of state beyond saturation density. However, to keep the formalism as simple as possible we stick to the strandard NL model and apply this phenomenological correction. The saturation properties are shown in Tab. II. This indicate that one cannot reproduce the scalar mass density dependence and the saturation density with standard σ-non linear RMF Lagrangian. This illustrate the convenience of using a density functional where the effects of the meson couplings are tractable. In our Lagrangian, the compressibility modulus will be lowered by the correction terms induced by the physics beyond the mean field.
B. Determination of the ω and ρ coupling constants
In contrast to DBHF theory, which shows a non-linear convergence to zero in the binding energy, RMF theory converges smoothly. We show in Fig. 4 (top panel) a comparison between the DBHF calculation and the low density functional RMF for the density of energy, E/V , and the binding energy, E/A. We remind that the non-linear term ǫ N L,9 defined in Eq. (16) has to be divided by a factor 2. The low density effects are reduced on the energy density plot compared to the effects on the binding energy. In fact, as E/V = ρ B E/A, the low density behavior of the binding energy is strongly reduced by the factor ρ B in the energy density. Therefore, we adjust the mean field functional on the energy density obtained from the DBHF calculation in asymmetric nuclear matter, where the low density effects are weaker. We also force the functional to reproduce exactly the DBHF calculations at ρ B = 0.197 fm −3 in symmetric nuclear matter and pure neutron matter. This constraint ensure that the symmetry energy at saturation density is well reproduced. The table I resumes the parameters obtained from the low density functional RMF. In the following section, we propose a correction of the functional to take into account the correlations beyond the mean field.
C. Corrections to the mean field functional RMF
As already discussed and shown in Fig. (1) and Fig. (4) , ab-initio calculations like relativistic or non-relativistic Brueckner calculations have a completely different low density behavior compared to standard mean field prediction. For neutron matter this is a known fact and has e.g. also been investigated in the -hypothetical -unitary limit ak F → ∞ where a is the nn scattering length. In this limit many-body calculations (BHF, variational and GFMC) lead to a different low density behavior than RMF theory, see discussion in Ref. [27] . To account for the low density behavior of the DBHF equation of state one has therefore to go beyond the standard prediction of mean field theory.
In this paper we choose a pragmatic approach and propose a fit of the difference between the DBHF equation of state and the low density RMF functional. Thus we add two new functions g S (ρ B ) and g N (ρ B ) to the energy density so that
where β = (ρ n − ρ p )/ρ B . The additional terms g S (ρ B ) and g N (ρ B ) are respectively adjusted in symmetric nuclear matter and pure neutron matter. The isospin degree of freedom is factorized with a quadratic function which respects the nuclear isospin symmetry. This approximation is often performed (see for instance [1] ) but in our case, it is also justified afterwards by comparing the new functionals RMF+C1 and RMF+C2 to the DBHF binding energies at low densities (Fig. (4), bottom panels) . The functional correction is unknown, but it is clear that this correction should be small around saturation density, and should converge to zero at very small densities. Then an overall exponential shape impose to fulfill the first condition and a factorization in power of the density ensure that the second condition is also satisfied. We obtained two different density functionals which reproduce the data with an equal accuracy. The first phenomenological correction C1 is a product of a polynomial function in the baryonic density with an exponential and has the following form:
with the parameters:
The second phenomenological correction C2 is a sum of two exponentials of the form:
We expect to have a measure of the error induced by the peculiar choice of the functional by comparing the prediction obtained with the two functionals RMF+C1 and RMF+C2. In fig. 5 , we shown the result of the adjustment of the functional C1 (solid line) and C2 (dashed line) to the difference between the DBHF binding energy and the low density RMF functional (square symbols) in symmetric nuclear matter (left panel) and pure neutron matter (right matter). Despite the different density dependence between the functionals C1 and C2, those two functionals reproduce the square symbols at the same level of accuracy.
D. Properties of the functionals
The table II give the properties of the functionals RMF, RMF+C1 and RMF+C2 around saturation density: the binding energy B 0 , the saturation density ρ 0 , the incompressibility K 0 and the symmetry energies a 1 s and a 2 s . The properties of the DBHF calculation are also indicated. The properties of the low density RMF functional differ significantly from the DBHF results. Indeed, the saturation density and the compression modulus are higher than the DBHF results. It is a consequence of the low value of the parameters f nl σ , as expected. This parameter could not be changed, as it is already adjusted to the quadratic density dependence of the scalar mass, However, the saturation properties of the corrected functionals RMF+C1 and RMF+C2 are very close to the DBHF calculation. Then, in our framework, the reduction of hte incompressibility modulus is induced by the low density physics. This is a very different understanding from the standard one which relies on non-linear corrections at high densities. We have also calculated the symmetry energy in two different manner: either assuming a quadratic dependence in the asymmetry parameter β (a 1 s ), or as we have a functional, by performing the second derivative around symmetric nuclear matter (a 2 s ). The latest calculation is the exact one. We note a systematic underestimation by about 1-2 MeV of the symmetry energy assuming a quadratic behavior. This is a small error with respect to the difference in energy between symmetric nuclear matter and pure neutron matter. In this context it is worth to mention that RMF fits to finite nuclei require relatively high compression moduli K ∼ 300 MeV [32, 37] . Equations of state with a stiff high density behavior stand, however, in contrast to the information extracted from heavy ion reactions [46, 47] . The pure RMF fits to the DBHF EOS, i.e. discarding the low density correction term, provide equations of state which are stiff, however, not due to their high density behavior but do to the low density part. The compression moduli of the pure RMF contributions without correction term are K=365 MeV in contrast to the soft DBHF EOS with K=230 MeV. If one assumes that the correction terms contain effectively contributions from the deuteron and/or reflect the precursor of a superfluid low density state which leads to additional binding in infinite matter, but plays no substantial role in finite nuclei, this could explain the discrepancy between the EOS obtained from RMF fits to finite nuclei and that predicted by DBHF or the a low density virial expansion [7] .
IV. SPINODAL INSTABILITIES
Let us consider asymmetric nuclear matter characterized by a proton and a neutron densities ρ i = ρ p , ρ n . In infinite matter, the extensively of the free energy implies that it can be reduced to a free energy density :
The system is stable against separation into two phases if the free energy of a single phase is lower than the free energy in all two-phases configurations. This stability criterion implies that the free energy density is a convex function of the densities ρ i . A local necessary condition is the positivity of the curvature matrix :
where we have introduced the chemical potentials
In the considered two-fluids system, the [F ij ] is a 2 * 2 symmetric matrix, so it has 2 real eigenvalues λ ± :
associated to eigenvectors δρ ± defined by (i = j)
Eigenvectors associated with negative eigenvalue indicate the direction of the instability. It defines a local order parameter since it is the direction along which the phase separation occurs. The eigen values λ define sound velocities, c, by c 2 = 1 18m ρ 1 λ. In the spinodal area, the eigen value λ is negative, so the sound velocity, c, is purely imaginary and the instability time τ is given by τ = d/|c| where d is a typical size of the density fluctuation.
The requirement that the local curvature is positive is equivalent to the requirement that both the trace (Tr[
The use of the trace and the determinant which are two basis-independent characteristics of the curvature matrix clearly stresses the fact that the stability analysis should be independent of the arbitrary choice of the thermodynamical quantities used to label the state e.g. (ρ p , ρ n ) or (ρ 1 , ρ 3 ). If Eq. (26) is violated the system is in the unstable region of a phase transition. We represent in Fig. (6) the spinodal contour for the low density RMF functional, RMF, RMF+C1 and RMF+C2. The contour for the RMF functional is very similar to the one obtained previously with non-relativistic interactions [6, 48, 49] . Meanwhile, spinodal densities are a little bit larger. Indeed, in mean-field models, it is well known that the spinodal density in symmetric nuclear matter scales with the saturation density [50] . The spinodal densities we obtain is just due to a scaling effect induced by the saturation density which is slightly to large for the functional RMF. The corrections induce important modifications of the spinodal contour, especially in asymmetric nuclear matter. For an asymmetry parameter of about y ∼ 0.4, the spinodal density, ρ s , is reduced by about 15-20%.
In usual mean field calculations, it has been found that the direction of the unstable mode is still isoscalar in asymmetric nuclear matter [6] . As the spinodal contour calculated with the functionals RMF+C1 and RMF+C2 differs significantly from the functional RMF, one could wonder what would be the consequences for the unstable mode: still isoscalar or possibly isovector ? We have represented our results on Fig. (7) where is shown the evolution of the unstable mode δρ n /δρ p with the density for asymmetries ranging from y=0.1 to 0.5. We represent only neutron rich matter, proton rich is easily deduced from the isospin symmetry property. An isoscalar mode is defined by δρ n /δρ p =1 while a mode along y=cst satisfies δρ n /δρ p = y/(1 − y). For the convenience of understanding Fig. (7) , the value y/(1 − y) is written into parenthesis in the legend of each curve. For the three functionals (RMF, RMF+C1 and RMF+C2) the unstable mode is included in between the isoscalar direction and the direction y=cst. However, the results obtained with the functionals RMF+C1 and RMF+C2 are very similar and differ from the one obtained with the functional RMF. Indeed, for the functionals RMF+C1 and RMF+C2, the unstable mode is less isoscalar than the one calculated with the functional RMF, hence, the fractionation mechanism should be less pronounced than the one predicted with mean-field models [6, 48, 49 ]. The gas phase should then be less asymmetric than what was previously predicted based on mean-field calculations. 
V. CONCLUSIONS
We have obtained two functionals which give a very good description of the DBHF calculations in asymmetric nuclear matter. Those functionals are based on the low density RMF Lagrangian which is developed as a series expansion of k F /M . Furthermore effective terms are added which account for effects beyond mean field like the deuteron pole. This parametrisation has been used to understand the topological properties of the energy density, like the spinodal zone. We have observed that the spinodal zone is reduced in asymmetric nuclear matter contrarily to all the previous mean-field calculation. Based on the analysis of the direction of the unstable mode, it is shown that the gas phase could be less asymmetric than what was previously predicted based on mean-field calculations. This calculation has been performed at zero temperature while experiments probe the liquid-gas phase transition near the critical temperature [50] . An extension of this work to finite temperature is then necessary, but one could expect from mean field calculations that the critical density scales with the spinodal density ∼ 0.5ρ s . In a future work, it would then be interesting to evaluate the effects of the two-body correlations at finite temperature.
As a final conclusion and outlook of this work, we would like to stress that the low density EoS is required for both heavy ion collisions as well as for the description of the crust of neutron stars where a low density neutron gas is formed. The density functional theory is then an interesting framework where these two different nuclear systems could be describe by a unique functional.
